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Abstract 

A geometrical structure on even-dimensional manifolds is defined which gener- 
alizes the notion of a Calabi-Yau manifold and also a symplectic manifold. Such 
structures are of either odd or even type and can be transformed by the action 
of both diffeomorphisms and closed 2-forms. In the special case of six dimen- 
sions we characterize them as critical points of a natural variational problem 
on closed forms, and prove that a local moduli space is provided by an open 
set in either the odd or even cohomology. 

1 Introduction 



We introduce in this paper a geometrical structure on a manifold which generalizes 
both the concept of a Calabi-Yau manifold - a complex manifold with trivial canonical 
bundle - and that of a symplectic manifold. This is possibly a useful setting for 
the background geometry of recent developments in string theory, but this was not 
the original motivation for the author's first encounter with this structure: it arose 



instead as part of a programme (following the papers [|T^],|TT|) for characterizing 
special geometry in low dimensions by means of invariant functionals of differential 
forms. In this respect, the dimension six is particularly important. This paper has two 
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aims, then: first to introduce the general concept, and then to look at the variational 
and moduli space problem in the special case of six dimensions. 

We begin with the definition in all dimensions of what we call generalized complex 
manifolds and generalized Calabi-Yau manifold^. There are two novel features in- 
volved. The first is the use of the Courant bracket, a generalization of the Lie bracket 
on sections of the tangent bundle T to sections of the bundle T©T*, and which comes 
to us from the study of constrained mechanical systems 0. The second is the B -field 
(this is the terminology of the physicists, but it is assuredly the same mathematical 
object). It turns out that the geometry we describe transforms naturally not only 
under the diffeomorphism group, but also by the action of a closed 2-form B. 

To define a generalized complex manifold we imitate one definition of a Kahler man- 
ifold. Instead of asking for the (1,0) vectors to be defined by an isotropic subbundle 
C T ® C, whose space of sections is closed under the Lie bracket, we instead ask 
for a subbundle E G {T (B T*) ® C, isotropic with respect to the indefinite metric 
on T © T* defined by the natural pairing between T and T*, and moreover whose 
space of sections is closed under the Courant bracket. For the definition of a gen- 
eralized Calabi-Yau manifold we ask not for a closed (n, 0)-form, but instead for a 
closed complex form ip of mixed degree and of a certain algebraic type. This type is 
obtained by thinking of a form as a spinor for the orthogonal vector bundle T © T* 
and then requiring the spinor to be pure. The well-known correspondence between 
maximally isotropic subspaces and pure spinors means that such a form defines a 
subbundle E C (T Q) T*) © C and we show that sections of E are closed under the 
Courant bracket ii dip = 0. There are two classes of such structures, depending on 
whether the degree of (p is even or odd. 

There are two motivating examples: an ordinary Calabi-Yau manifold and a sym- 
plectic manifold. A Calabi-Yau manifold with holomorphic (n, 0) form Q defines 
a generalized Calabi-Yau structure by taking (p = Q. A symplectic manifold with 
symplectic form u defines a generalized Calabi-Yau structure by taking (p = expiu. 
Transforming with a closed 2-form B means replacing (p by (exp B) A (p. In certain 
cases, as we shall see, the B-field interpolates between symplectic and Calabi-Yau 
structures. 

The special role of six dimensions arises from the fact that the group R* x Spin{6, 6) 
has an open orbit in either of its 3 2- dimensional spin representations. Moreover a 
spinor in this open set is the real part of a complex pure spinor ip. We can define 
from this algebra an invariant "volume" functional defined on real forms, and we 
consider critical points of this functional on the closed forms in a cohomology class 

-"^This terminology has been used before in Q but no confusion should arise in this paper. 
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in either the even or odd part of H*{M, R) for a compact 6- manifold M. If they he 
in the open orbit at each point of M, these critical points are precisely generalized 
Calabi-Yau manifolds. Imitating we then show that, under a certain condition, a 
local moduli space for these structures is an open set in the corresponding cohomology 
group of even or odd degree. The required condition is implied by the (9(9-lemma for 
complex manifolds and the strong Lefschetz theorem for symplectic ones. We should 
note that this approach forces us to consider two structures to be equivalent if they 
are related not just by the group of diffeomorphisms isotopic to the identity, but by 
its extension by the action of exact B-fields. 

There is a special pseudo-Kahler structure on the moduli space induced as a con- 
sequence of this approach. In the even case it is the structure determined by the 
intersection form - "without quantum corrections" in the physicists' language. 

Finally, by returning to the origins of the Courant bracket, we observe that the whole 
structure can be twisted by a closed three-form, or more naturally by a gerbe with 
connection. 

The author wishes to thank the Universidad Autonoma, Madrid and the Programa 
Catedra Fundacion Banco de Bilbao y Vizcaya for support during part of the prepa- 
ration of this paper. 

2 The Courant bracket 

We shall begin by setting up the less familiar pieces of differential geometry. The 
first is the bracket operation introduced by T. Courant (for p = 1) in 0. This is an 



operation defined on pairs {X,C,) = X + ^ of a vector field X and a p-form ^ on a 
manifold M. Take X + + t] e C°°{T ® APT*) and define 



This operation is skew-symmetric but does not in general satisfy the Jacobi identity. 
One important feature however is that, unlike the Lie bracket on sections of T, this 
bracket has non-trivial automorphisms defined by forms. Let a G fi^"*"^ be a closed 
p + 1-form and define the vector bundle automorphism A of T © A^T* by 



[X + ^,Y + 7^] = [X, Y] + CxV - C-vi - \d{i{X)r, - L{Y)i) 



(1) 



A{X + i)=X + i + L{X)a 



(2) 



Then one may easily check that 



A{[X + i,Y + r,]) = [A{X + i),A{Y + r^)]. 
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Example: Consider the case p = 0, so that ^ is a function /. We then have 



[X + f,Y + g] = \X,Y]+Xg-Yf. 
This is the usual Lie bracket on S'^-invariant vector fields 

on M X S*^. Here the Jacobi identity does hold. Given a map g : M ^ S^, the 
diffeomorphism (x, e*^) t-^ {x, g{x)e'^^) takes invariant vector fields to invariant vector 
fields and is the automorphism determined by the closed 1-form A = g~^dg/i. 

We shall be concerned with the case p = 1, where we have a bracket defined on 
sections of T © T* and automorphisms defined by closed 2- forms B. This interacts 
with a natural metric structure on T © T* which we describe next. 



3 The indefinite metric 
3.1 The orthogonal group 

Let V be an n-dimensional real vector space and consider the 2n-dimensional space 

V®V*. 

This admits a natural non-degenerate inner product of signature [n, n) defined by 

for V & V and ^ G V*. Clearly the natural action of the general linear group GL{V) 
preserves the inner product. The Lie algebra of the orthogonal group of all transfor- 
mations preserving the form has the decomposition 

so{V © V*) = End V © AV* © AV. 

In particular, B G A'^V* acts as 

V + ^ i-^ l{v)B 

and thus exponentiates to an orthogonal action on © V^* given by 

V + V + i + l{v)B. 
This is the algebraic action of a closed 2-form which preserves the Courant bracket 



3.2 Spinors 

Consider the exterior algebra A*V* and the action of f + ^ G V" © l^* on it defined by 

{v + ^).ip = L{v)ip + ^Aip (3) 

We have 

which makes A*V* into a module over the Clifford algebra of V(BV*. This defines the 
spin representation of the group Spin{V © V*) if we tensor with the one- dimensional 
space (A"\/)^/2^ Splitting into even and odd forms we then have the two irreducible 
half-spin representations: 

S+ = A'^^K* © (A" 1^)1/2 
S- = A^'^V* © (A"V)^/2 

If we now take B G A'^V* C so{V (B V*), then exponentiating B to expi? in the Lie 
group Spin{V © V*) gives from (H) the following action on spinors: 

exp B{ip) = {l + B + ^BAB + ...)Aifi 



When dim V = n is even, there is an invariant bilinear form {ip, ip) on which is 
symmetric if n = 4/c and skew-symmetric if n = 4k + 2. Using the exterior product 
we write this as 

{if, ^) = Y,i-^T^2m A ^n-2m G A^V* © {{A^Vf/^f = R 
m 

for even spinors and 

(V9, i)) = ^(-l)"v52m+l A 1pn-2m-l 
m 

for odd ones. If we define 

by 

then 

(if^^lj) = iaipA^lj)n. (4) 
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3.3 Pure spinors 



Given G 5^ 



we consider its annihilator, the vector space 



+ ■ <^ 



0} 



Since v + ^ & E^p satisfies 



+ 



we see that v + ^ is null and so E^p is isotropic. A spinor 93 for which E^p is maximally 
isotropic (i.e. has dimension equal to dim V) is called a pure spinor. Any two pure 
spinors are related by an action of SpiniV ®V*). To be pure is a non-linear condition 
which, in higher dimensions, is quite complicated. Here are some examples: 

Examples: 

1. The spinor 1 G hPV* C A.'^'"V* is pure, since {v + ^) ■ 1 = ^ and so the annihilator 
is defined by ^ = 0, the maximal isotropic subspace V dV ®V* 

2. Applying any element of SpiniV ®V*) to 1 gives another pure spinor. In particular 
we can exponentiate B E h^V* so that 



is pure. Its maximal isotropic subspace is 

exp BiV) = {v + i{v)B ®V* -v eV} 

The bilinear form applied to pure spinors has a geometrical meaning: {ip,ip) = if 
and only if E^H E^ 0. For a proof of this see Chevalley 0, page 79. 

Note that purity is scale-invariant, so we can define pure spinors not just in S"^ but 
also in the twisted spinor space A<^'"/("iV*. 

4 Generalized complex structures 
4.1 Definitions 

Definition 1 Let M be a smooth manifold of dimension 2m with the indefinite metric 
on the bundle T © T* defined by + + = ~{'^:0- ^ generalized complex 
structure on M is a subbundle E C (T © T*) (g) C such that 
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• E®E={T®T*)^C 

• the space of sections of E is closed under the Courant bracket 

• E is isotropic 

The real version of this integrabihty - a maximally isotropic subbundle of T © T* 
with sections closed under Courant bracket - is called a Dirac structure in A 
symplectic or Poisson structure on M defines one of these. 

Our main concern in this paper will be the notion of a generalized Calabi-Yau manifold 
which we define next. Gualtieri's thesis will contain more results on generalized 
complex manifolds. 

Definition 2 A generalized Calabi-Yau structure on a smooth manifold M of di- 
mension 2m is 

• a closed form ip G Q^'" © C or Q"'^ © C which is a complex pure spinor for the 
orthogonal vector bundle T © T* and such that 

• {{p, 1^) ^ at each point. 



The following proposition shows that a generalized Calabi-Yau manifold is a special 
case of a generalized complex manifold. 

Proposition 1 // (M, is a generalized Calabi- Yau manifold then the annihilator 
E^ C (T © T*) © C defines a generalized complex structure on M. 

Proof: We saw from the algebra in the previous section that the annihilator of a 
pure spinor is maximally isotropic, so E^ certainly satisfies the last condition in the 
definition of generalized complex structure and has dimension 2m. Moreover, since 
(if, if) 7^ 0, we know that 

= E^ n E;^ = E^ n E^ 

and so 

E^®E^ = (T©T*) ©C. 
It remains to show that sections of E^p are closed under the Courant bracket. 
Suppose X + and Y + rj annihilate y?. Then from 

L{X)ip + ^ A = = i{Y)ip + r]Aip 
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Using d(f = and Cx = di,{X) + L[X)d we obtain 

ii[X,Y])^ = Cx{i{Y)^)-i{Y)CxV 

= ~Cx{v^v)-i{y)d{i{X)^) 

= -CxV^V-V^^xV + ^iy)d{^^v) 

= -CxV A V5 - A d{L{X)ip) + l{Y) {d^ A f) 

= -CxV^^ + V^d{^^ip) + L{Y){d^Aip) 

= -CxV Av + V^d^^ip + {L{Y)dO A V2 + rf^ A L(Y)ip 

= -CxV A(p + V^d^Aip + (i(F)rfO A<^-d^Ar]Aip 

= -CxV^^ + {^{y)dO^^ 
and so, by skew symmetry, 

i{[x,Y])^ = lw[x,r])v9-.([r,x])p) 

= ]^{-CxV A + {i{Y)dC) A^ + CyiA^- {L{X)dr]) A ^) 

= [i{Y)d^ + - ^ix)dv - IdiiixM A ^ 

= [Cy^-CxV-lidiL{Y)^-L{XMAip 
From (|1|) this says that [X + ^,Y + rj] ■ ip = as required. 
Examples: 

1. Let M be an m-dimensional complex manifold with a non- vanishing holomorphic 
form Q of the top degree m. (A Calabi-Yau manifold is strictly speaking a Kahler 
manifold of this form - there are others |M - but we shall use the terminology in 



the broader sense here.) Then is pure since it is annihilated by any vector of the 
form V + ^ where w G T (g) C is of type (0, 1) and ^ G T* Cg) C is of type (1, 0). This 
gives the maximal dimension 2m for the annihilator subspace. Since Q has real degree 
2m, the bilinear form is {—1)"^Q Afl ^ 0. The algebraic conditions for a generalized 
Calabi-Yau manifold are satisfied and since Q is closed we obtain such a structure. 

2. Let M be a symplectic manifold with symplectic form u. We saw that 1 G A^T* 
was pure, therefore, exponentiating the 2-form iu, so is v? = expia; G fl"^^ ® C. The 
bilinear form gives 

. , (-2^)- ^ 
ml 

which is non-vanishing. Since du = 0, (p = expiu defines a generalized Calabi-Yau 
manifold. 
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3. It is clear that the product of two gcncraUzcd complex manifolds is a generalized 
complex manifold. Similarly if (Mi, (/^i), (M2, V92) are two generalized Calabi-Yau 
manifolds, then if pi,p2 denote the projections from the product Mi x M2, 

defines a generalized Calabi-Yau structure on the product. The product of an odd 
type with an even type is odd and the product of two odd or two even types is even. 

4.2 The B-field 

If S is a real closed 2-form, and (M, (/?) a generalized Calabi-Yau manifold then 

(expS)(^ = (1 + S + + . . .) A 

is both closed and pure. Moreover, since expi? is real and acts through the Spin 
group 

(exp B (/?, exp B(p) — {cp, (p) ^ 0. 

Thus a generahzed Calabi-Yau structure can be transformed by a B-field to another 
one. 

For a symplectic structure, the transform is </? = exp(S -|- iuj) and we can always 
multiply </? by a complex constant c, so one large class of generalized Calabi-Yau 
manifolds is given by 

</? = cexp(5 -|- iuj) 
where B is an arbitrary closed 2-form and a; is a symplectic form. 

Suppose M is a holomorphic symplectic manifold of complex dimension 2k, for ex- 
ample a hyperkahler manifold. It has a holomorphic non-degenerate (2, 0)-form 

Uj'^ — UJl-\- iU!2- 

The real and imaginary parts 001,002 are themselves real symplectic forms on M. Let 
t ^ he a real number then 

exp{iL02/t) 

is the generalized Calabi-Yau manifold defined by the symplectic form 002/t. Apply 
the B-field B = uji/t and we obtain 

exp((a;i + 1002) /t) 
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Multiply by the constant t'' and we have a family of generalized Calabi-Yau structures 
defined by 

(ft = exp((cui + iuJ2)/t) =t^ + + —{uji + iuj2f. 

Thus as t — > 0, these B-field transforms of the symplectic structure uJ2/t converge to 
the Calabi-Yau structure defined by the (2/c, 0) form {uji + iuj2)^ /k\. In this way we 
can think of B as interpolating between two extreme types of generalized Calabi-Yau 
manifold. 

4.3 Dimension 2 

Let M be a closed oriented surface. We consider the possible generalized Calabi-Yau 
structures on it. 

First consider the odd type, defined by a form in fi^ ® C. All such forms are pure. 
We thus have a closed complex 1-form such that 

7^ (V^, = A 

This non-vanishing 1-form is a (1, 0)-form for a complex structure, and since it is 
closed, is holomorphic. This is therefore an ordinary Calabi-Yau - an elliptic curve. 

Now consider the even type. Here ip = c + (3,c&DP®C,l3&VL^®C Since if is 
closed, c is a constant. Again, Lp is always pure, but we also have 

0^ (<^,<^) =c^-c/3. (5) 
In particular c 7^ and then from 

(3/c - p/c = 2icu ^ 
so that C(j is a symplectic form and 

if = cexp(_B + iu) 

where 2B = (3/c + /3/c. Thus the structure is the B-field transform of a symplectic 
manifold. 

4.4 Dimension 4 

On a 4-manifold M a generalized Calabi-Yau structure of odd type is defined by 

(/? = /? + 7 
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where /3 is a complex closed 1-form and 7 a complex closed 3-form. The form ip must 
define a complex pure spinor for T®T* . Here we are looking at the spin representation 
S~ of the complexification ^^^^(S, C) of S'pm(4, 4). In eight dimensions however, 
we have the special feature of triality - the vector representation and the two spin 
representations are related by an outer automorphism of S'pm(8,C). For us this 
means in particular that the two spin spaces have the same structure as the vector 
representation - an 8-dimensional space with a non-degenerate quadratic form. The 
pure spinors are then just the null vectors in this space. 

It follows that if is pure if 

0=(^,<^) = /3A7. (6) 

We also have the condition 

0^((/.,(^)=/?A7 + ^A7^0 (7) 

which shows in particular that (3 is nowhere vanishing. Thus from @, 7 = /5 A z/ for 
some 2-form z/, well-defined modulo [3. Using again, 

/3A/3A(z/-z/) ^0 (8) 

and from this we can see that locally, the structure on M is defined by a map / : 
M — i> C (where df = (3) defining a fibration over an open set, a symplectic structure 
and a B-field 3?z/ on the fibres. A global example is the product of an odd and an 
even 2-dimensional generalized Calabi-Yau manifold. Tischler's theorem 0] shows 
that a compact manifold with a non- vanishing closed 1-form fibres over the circle and 
more generally that with two such forms like the real and imaginary parts of /3, it 
must fibre over T^. In particular the first Betti number 61 (M) is non-zero. 

For a structure of even type we have 

99 = c /3 + 7 

for a constant c, closed 2-form (3 and 4-form 7. For ip to be pure we need 

0=(y,,y,)=2c7-/?2. 

If c 7^ 0, this gives 7 = [3'^ /2c. The condition 7^ (p) then gives 

— CC — 

O^C7-/3^ + c7 = -(^/c-/3/c)2 

so that P/c = B + iu where u is symplectic. This gives 

ip = cexp(i? -|- iu) 
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which is the transform of a symplectic structure. 

If c = 0, the purity condition is = 0, which (as in the equation of the Klein quadric) 
means that (3 is locally decomposable: (3 = di A 62. We also have 

so that 9i,92 span the space of (l,0)-forms for an almost complex structure and /3 
is of type (2,0). Since dp ~ the structure is integrable and we have an ordinary 
Calabi-Yau manifold. In the compact case this must be a K3 surface or a torus. The 
remaining 4-form 7 is the result of applying a (not necessarily closed) B-field to 

4.5 Structure groups and generalizations 

Our definition of a generahzed complex structure yields a complex structure on T®T* 
compatible with an indefinite metric. This is a reduction of the structure group of 
T ® T* to C/(m, m) C SO {2m, 2m), together with an integrability condition. 

There are further reductions possible within this setting. First consider the case of a 
generalized Calabi-Yau manifold. Here the form (p has the property 7^ (</?, (f) so 

1 

is a well-defined non- vanishing section of the spinor bundle, say 

Now E — C (T® T*) (8) C is a complex maximally isotropic subbundle, so equally 

S+^C = A^^E* (g) (A"E)i/2 ^ Q 

Here, the pure spinors with annihilator E lie in (A^EY^"^ C, so (/? defines a non- 
vanishing section of (A^i?)^/^ and, squaring it, a trivialization of A^E* . This complex 
volume form on E shows that a generalized Calabi-Yau structure reduces the structure 
group to SU (m, m). 

We could go further and consider smaller subgroups. The four-dimensional case 
is instructive. Here the spin representation defines a homomorphism (generating 
triality) 

5pm(4,4) ^ 50(4,4). 
Restricting to the stabihzers of 2, 3 or 4 spinors we obtain the special double covers: 



12 



• SU{2,2) SO{4,2) 

• Sp{l, 1) 50(4, 1) 

• Sp{l) X Sp{l) 50(4) 

The two spinors stabilized by SU (2, 2) are the real and imaginary part of a pure spinor 
- the complex closed form of a generalized Calabi-Yau structure. The group 5^(1, 1) 
is obtained by requiring three forms to be closed giving a generalized hyperkdhler 
structure and the last one involves four closed forms. The moduli space of such 



structures on a K3 surface has been studied by Nahm and Wendland 



5 The six-dimensional case 
5.1 The quart ic form 

We shall begin to study the algebra by working over the complex numbers, using 
Spin{12,C) instead of Spin{6,6) and a complex six- dimensional vector space V. In 
this dimension the bilinear form on each of the 32-dimensional spin spaces is skew 
symmetric, and so these are symplectic representations. The linear algebra we shall 
be doing is insensitive to the choice of orientation which distinguishes from S~, 
but for various reasons the isomorphism 

S+ ^ A'^V* O (AV)^/2 

will be a useful tool, so we shall fix S* = S*"*". 

A symplectic action of a Lie group G on a vector space S defines a moment map 
given by 

Mia) = -{a{a)p,p) 

where p & S, a : q ^ End S is the representation of Lie algebras and a G 0. On the 
Lie algebra so(12,C) we put the inner product tiXY and identify the Lie algebra 
with its dual, so p{p) takes values in the Lie algebra. 

Examples: 
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1. Choose a basis vector v for (A^K)^/^ and consider the moment map for Spin{12, C) 
acting on S* at z/. li a — A + B + P in the decomposition so{V © V*) — EndV^ © 
A'^V* © A^l/, then 

{a{a)u, v) = (-(tr A/2)i/ + S A i/, i/) = 

so the moment map vanishes on v and hence on any pure spinor. 

2. Now take 

In this case 

{a{a)po,po) = -tr A 

and we find that 

Mpo)(^ + = (-^ + 0/4- (9) 
The moment map also defines an invariant: 

Definition 3 Let /i be the moment map for the spin representation S of Spin{12, C). 
Then 

q{p) =tr//(p)2 
is an invariant quartic function on S. 

This quartic has a close relationship with pure spinors: 

Proposition 2 For p & S, q{p) if and only if p — a + (3 where a, (5 are pure 
spinors and (a, /3) ^ 0. The spinors a, (3 are unique up to ordering. 

Proof: Consider as in the example po — v + & S: v is pure with isotropic 

subspace V and with subspace V* . 

Now suppose that a and j3 are pure. Because, up to a constant, 5'pm(12, C) acts 
transitively on pure spinors, we can assume a = kv. If {a, [3) ^ 0, we see from the 
definition of the bilinear form that /3q ^ (we write ctp for the degree p component 
of a). By exponentiating an element of A'^V in the Lie algebra, wc obtain a group 
element which leaves u fixed but takes f3 to an element f3 with (34 = and (3^ ^ 0. 
But (3 and hence (3 arc pure and so there is a 6-dimensional isotropic space of vectors 
V + ^ satisfying {v + ^) ■ P = 0. Looking at the degree 5 term, this means that 
= i^{v)P6 + ^ A P4 = i^{v)Pe since P4 = 0. But then v = and the 6-dimensional 
space is V*. Thus P = and a + P can be transformed to 
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From (j^) we see that q{po) = 3, and so by invariance and homogeneity 

q{a + (3)= q{ku + iu'^) = 3k'^f = 3(a, (3)^ (10) 
In particular, the quartic invariant is non-zero for the sum of two pure spinors with 

At pq = u + v^^ we saw that the moment map was v + ^ {—v + C)/'^- Hence 
^[p^f = I/lQ. liip = kiy + iiy-^ then p{pf = kH^I/lQ and so 

Kp? = ^Q{P)I (11) 

By invariance this holds for all spinors in a Spin{12, C) orbit of po- 

Let G C Spin{12, C) be the stabilizer of po- Each element of G commutes with p{po) 
and so preserves or interchanges its two eigenspaces V, V* in its action on V (B V*. 
The identity component Go preserves them, and hence lies in GL{V). But if the 
group preserves G (A^V*)^^"^ it preserves the top degree form z/~^ G A^V*, and so 
lies in SL{V). Now 

dim Go < dim SL{V) = 35. 

But dimS'pm(12, C) = 66 so the dimension of the orbit is at least 66 — 35 = 31. On 
the other hand this orbit lies on the invariant hypersurface q = 3 which is 32 — 1 = 31- 
dimensional. The orbit is thus an open subset of the hypersurface and the stabilizer 
is equal to SL(y). 

As we saw, /i(po) is the element —1/4 G g[(6, C) which thus acts in the spin repre- 
sentation 

S = A^^'V* ® (AV)^/2 

as the scalar (3 — p)/4 in degree p. Thus, since po = + the degree and 6 
elements u and z/~^ respectively satisfy 

6u = 4(t(p(po))po + 3po, 6u'^ = -4a(p(po))po + 3po. 

By invariance 4cr(p(p))p-|-3p and — 4(T(p(p))p-|-3p define, for any p on the open orbit, 
two pure spinors whose sum is 6p. By analyticity, the algebraic expressions above 
hold for all p on the hypersurface q = 3, and so if g(p) = 3, then p = a + P where a 
and P are pure spinors with {a,P) ^ 0. 

If ^(p) 7^ 0) then we rescale to get q = 3. The choice between a and /? is then 
determined by the choice of square root of g(p) so a and /? are unique up to ordering, 
which completes the proof. 
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Now suppose that p is real. Proposition ^ says that there are complex pure spinors 
a, /? with p = a + [3. Reality offers two possibilities: a and [3 are both real, oi [3 = a. 
If a, 13 are real then so is (a,/?) and so from (|10|) g(p) > 0. li j3 = a then (a, a) is 
imaginary and q{p) < 0. From Proposition we deduce: 

Proposition 3 Let p E S be a real spinor with q{p) < 0. Then p is the real part of 
a pure spinor ip with {(f, (p) ^ Q. 

These are precisely the pure spinors we need in the definition of a generalized Calabi- 
Yau manifold. 

When the vector space V is real, the open set 

U = {peS: q{p) < 0} 

is acted on transitively by the real group R* x Spin{Q,(!)). We shall study next the 
geometry of this space, following closely the parallel discussion of three forms in six 



dimensions, as in |[T^. In fact, what we are doing here is a direct generalization of 
that work. 



5.2 The symplectic geometry of the spin representation 

Definition 4 On the open set U G S for which q{p) < 0, define the function cj), 
homogeneous of degree 2, by 

0(p) = V-q{p)/3. 



Note from ([10| ) that when we write p = p + p for a pure spinor p, 

i(j){p) = 



Proposition 4 Let X be the Hamiltonian vector field on U defined by the function 
(f) using the constant symplectic form on U G S. Describe the vector field on the open 
set U in the vector space S as a function X : U —>■ S . Then 

• X{p) = p where p + ip = 2(p 

• X generates the circle action (p i— > e~^^ip 
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• the derivative DX : U End S defines an integrable almost complex structure 
J on U 

Proof: Since i4>{p) = {^p, <^), differentiating along a curve in U, 

icj) = + {^,ip). 
Up to a scalar, the pure spinors form an orbit, so at each point 

(p = cip + (7{a)ip 
for some c G C and a G so(12, C). But then 

{(f, (f) = c{(p, (p) + (cr(a)v9, (p) = (12) 
where the first term is zero because the bilinear form is skew and the second because, 



as we saw above, the moment map vanishes on the pure spinors. Using (|T^) 

{(p-(p,(p + <p) = {(p, (p) + {(p, 0) = i(t). 
But this can be written as 

(i> = {p, p) 

which means that the Hamiltonian vector field of is X{p) = p. 
The circle action in real terms is 

p ^ cos 6p + sin 6p 
so the derivative at = is p, the vector field X. 
Since p + ip = 2(p, p — ip = —2iip> and so 

P = -P- 

Thus, as a diffeomorphism of U, X o X = —id and the derivative J = DX thus 
satisfies = DX o DX = —I and defines an almost complex structure on U. The 
proof that it is integrable is the same as in |[T^ or and holds generally for special 



(pseudo)-Kahler manifolds, of which U is an example. 
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5.3 The complex structure J 

The complex structure J on U G S turns out to be important in the subsequent 
development. Recall that U is a homogeneous space of Spin{6, 6) x R* under the 
spin representation. This is a linear action, so every tangent vector to the open set 
[/ at p is of the form a{a)p for some a in the Lie algebra. We show 

Proposition 5 On the tangent vector cr{a)p, the complex structure J is defined by 

J{a{a)p) = a{a)p. 
Thus the (0, 1) vectors are of the form a{a)(f where p = (f + (f. 

Proof: As p varies a{a)p defines a vector field Y on U. If a is in the Lie algebra of 
Spin{Q,Q), then since (p is invariant and X is the Hamiltonian vector field of 0, we 
have [X, Y] = 0. The central factor R* in the group acts by rescaling, so if a G R the 
vector field Y is the Euler vector field - the position vector p. Now (p is homogeneous 
of degree 2 but so is the symplectic form, and this means that [X, Y] = also. 

Since J = DX and [X, F] = 0, 

J{Y) = DX{Y) = DY{X) = a{a)X = a{a)p 
which proves the proposition. 

Although J is defined on the vector space S, it defines a complex structure on the 
tensor product of S with any vector space and in particular \<^'"/'"^v* , which is where 
we shall make use of it. 

Examples: 

1. Take the Calabi-Yau case where (p = Q is a {3, 0) form. The space of (0, l)-vectors 
in A°'^V* C is from Proposition |^ the image of Q under the action of the Lie algebra 
so(12, C) + C, and using the decomposition so{V © V*) = End V © A'^V* © A'^V, this 
is the 16-dimensional space of A°'^V* ® C given by 

2. In the symplectic case (f = expiu, and we obtain for the (0,1) vectors the 16- 
dimensional space of A'^^V* ® C given by 

exp ituC (B exp iu;(A^ © C). 
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6 The variational problem 



6.1 The volume functional 

We defined above the function on [/ C J\<''"/°'^V* ® (A^V^)^/^. Untwisting by tlie 
one-dimensional vector space (A^^)^/^, tfiere is a corresponding open set, wliicfi we 
still call [/, in A_^'"/'>dv* and, since is homogeneous of degree 2, an invariant function 

: [/ ^ AV*. 

The bilinear symplectic form now takes values in A^^* also and so the derivative at 
p of is a linear map from f\^^/°'>'y* to X^V* which can be written 

D0(p) = (p,p). (13) 

Suppose M is a compact oriented 6-manifold, and p is a form, either odd or even, 
but in general of mixed degree, which lies at each point of M in the open subset U 



described above. Following |TT[ we shall call such a form stable. We can then define 
a volume functional 

V{p) = [ 0(p). 



Theorem 6 A closed stable form p E f2^''/°'^(M) is a critical point of V{p) in its 
cohomology class if and only if p + ip defines a generalized Calabi-Yau structure on 
M. 



Proof: Take the first variation of V{p): 



5V{p)= / D0(p)= / (p,p) 
Jm Jm 

from (|13|). The variation is within a fixed cohomology class so p = da. Thus 



5V{p)= / {p,da)= / a{p)Ada 

' M JM 



from (H)- By Stokes' theorem this is 



± / (icr(p) A a = ± / a{df))f\a = ±. I {dp, a) 
'M Jm Jm 



since from its definition a commutes with d. 
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Thus the variation vanishes for all da if and only if 

dp = 0. 

A critical point therefore implies d(f = where 2ip = p + ip. From Definition |^ we 
have a generalized Calabi-Yau manifold. 

6.2 The Hessian 

We shall investigate the Hessian of the functional V at a, critical point next. Since X 
is the Hamiltonian vector field for 0, and J = DX it is clear that J is essentially the 
second derivative D'^cj). More precisely, we have 

D20(pi,p2) = (Mpi,p2) = (Jpi,P2) (14) 
Thus, at a critical point of V , the Hessian H is 

H{p,,p2)= [ D'<f){p,,p2)= [ {Jpi,P2) (15) 

Jm J m 

where we are restricting the variation to take place in a fixed cohomology class, so 
that pi,p2 are exact forms. 

Because of the invariance properties of the functional V , any critical point lies on an 
orbit of critical points, so the Hessian is never non-degenerate. What is the natural 
group of invariants? 

Firstly V is invariant under diffeomorphisms and those which are homotopic to the 
identity preserve the de Rham cohomology class of p and so the class of forms for the 
variational problem. The integrand is also invariant under the full group 5*^^(6,6), 
so exponentiating sections of the components of the Lie algebra isomorphic to A^T* 
and h?T give further invariant actions. Our variational problem is based on p being 
closed however, and this condition will not be preserved under the action of sections 
of A^T. The action of S e C^i^k^T*) is the B-field action 

p I— i> exp B A p. 

When B is closed, this takes closed forms to closed forms, but to fix the cohomology 
class we need B in general to be exact, for then B = d^ and 

(expdO Ap = p + d{iAp + ]^iAdiAp + ...) 
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lies in the same cohomology class. 

The natural symmetry group of the problem is then the group extension Q 

We want to determine when a generalized Calabi-Yau manifold is defined according 
to Theorem |^ by a Morse-Bott critical point - non-degenerate transverse to the orbits 
of the group Q. We consider the tangent space to this orbit next. 

The action of a vector field on p is just the Lie derivative 

£xp = dL{X)p + i{X)dp = d{i{X)p) 
since p is closed. The infinitesimal action of an exact B-field B = d^ is 

d^Ap = d{^Ap). 
Thus the tangents to an orbit of ^ at p are forms 

p = d{i{X)p + e A p) = diiX + ■ P) (16) 

Because of the invariance of the functional, if a is exact and (3 = d{i{X)p + ^ A p), 
then H{a,P) = 0. Suppose conversely that the exact form P = dr has the property 
that H{a,f]) = for all exact forms a = dip, then from ([15|), 

/ {Jdip,dT) = ± {ip,dJdT) = 
Jm Jm 

for all ip so that 

dJdr = 0. 

Thus transverse nondegeneracy is equivalent to the following property: 

Definition 5 A generalized Calabi-Yau manifold is said to satisfy the dd"^ -lemma if 

dJdr = 0^ dr = d{i{X)p + ^ A p) 
for a vector field X and 1-form ^. 

This condition may not always be satisfied. Here are two cases when it is: 
Proposition 7 The dd'^ -lemma holds if: 

a) the generalized Calabi-Yau manifold is a complex 3-manifold with a nonvanishing 
holomorphic 3-form and which satisfies the dd-lemma, or 

b) it is a symplectic 6-manifold satisfying the strong Lefschetz condition. 



21 



Proof: 

1. When p is the real part of a holomorphic 3-form Q, i{X)p — a-\- a where a is of 

type (2, 0) and ^ Ap = (3 + (3 where /3 is of type (3, 1). Moreover X and ^ arc uniquely 
determined by a and j3. Suppose dr is an exact odd form such that dJdr — 0, and 
write 

r = lo + l2 + 74 

where 7j, is a p-form. Since we know that dJdr = for dr = d{L(X)p + ^ A p), we 
may assume that r has no components of type (2,0) + (0,2) and (3, 1) + (1,3), so 
that 72 e Jl^'\74 e 

Prom the example above, we saw that J is —i on A^'° ® A^'^ ® A^'^ © A^'°, so 

Jdr = —i{d — d)T 

and dJdr — implies that for each p, 9^7^ = 0. Now apply the 99-lemma to d7p, 
and we see that there are real forms V'p-i of degree p — 1 such that 

d'yp — iddipp-i. 

Here V'-i = 0, -01 = + for a (1, 0)-form 9i and "03 = ^3 + ^3 for a (2, l)-form 9^. 
Thus 

(i72 = (ii(a^i - de^) d74 = fiz((9^3 - 39^) 

and since c?6'i is of type (2, 0) and 89^ is of type (3, 1) there exists a real vector field 
X and a real 1-form ^ such that 

dr = d{j2 + 74) = d{t{X)p + e A p) 

as required. 

2. In the symplectic case, p is the real part 1 — a;^/2 of expia;. Thus 

d(L{X)p + ^Ap)^d(- l(X)u; Au + ^-^A uj'^/2). 
Given an exact even form dr with dJdr — 0, write 

T = 7i + 73 + 75- 

By subtracting d{^ A p) with ^ = 71 we may assume that 71 = 0. Prom the example 
above, J is —i on the forms expic(;,expia; A (3. To calculate Jdr we note that the 
product with u defines an isomorphism from Vt^ to Vt^ so the 4-form 0^73 can be written 
as 

(i73 = a; A -0 (17) 
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and then the (0, l)-part under the action of J is 

((i73)*-°'"^'' = —iexpiujifj 

and similarly 

('^75)^°'"'^'' = s{i + uj) expiu 
where 1^75 = —2suj^/3. The equation dJdr = implies d{dr)^'^'^^ = and this gives 

d{—i exp iuip + s{i + u) exp iu) = 0. 

The degree 1 part of this gives (is = so s is a constant but integrating ^75 = —2suj^/3 
shows that s = and hence ^75 = 0. The degree 3 part gives dip = 0- Now the strong 
Lefschetz theorem says that the map [a] ^ [u A a] from the de Rham cohomology 
group H^{M, R) to H^{M, R) is an isomorphism. Since ip is closed, ([T7| ) shows, using 
the strong Lefschetz condition, that ip is exact, and so 

d'js = ijj A u = d{^ A Lu) 

for some 1-form ^ as required. 

Other generalized Calabi-Yau structures satisfy (|^) because we have: 

Proposition 8 Suppose (M, (f) is a Q- dimensional generalized Calabi- Yau manifold for 
which the dd'^ -lemma holds. Then the lemma holds for any transform of (M, ip) by a 
closed B-field. 

Proof: The function (p is invariant under Spin{6, 6) and so in particular under the 
action p ^-^ exp B p of the B-field B. It follows that the complex structure Jb for the 
B-field transform is given by 

So suppose dJsdr = 0. Then since B is closed, 

= d{e^Je-^dT) = e^dJd{e-^T). 
The dd'^-lemma for the original structure then implies that 

d{e-^T) = d{L{X)p + iAp) 

so 

dr = d{e^{L{X)p + ^Ap)) = d{L{X)e^p + - A p) 
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which is of the form 

d{i{X)e^p + 7] A e^p) 

as required. 

Remark: By the definition of J, if p{t) G f/ is a smooth curve with tangent vector p at 
t = 0, the curve p{t) has tangent vector Jp aX,t = 0. Thus, globally, if p{t) is a smooth 
family of forms on M defining a generalized Calabi-Yau structure, dp = dp = so 
the form p satisfies 

dJp = 0. (18) 



6.3 The moduli space 

The non-degeneracy of the critical points implied by the cici'^-lemma suggests that 
the cohomology class of p determines the generalized Calabi-Yau structure up to the 
action of Q. We next give a proof of the existence of a local moduli space as an open 
set in H^''/°'^{M,R). It follows |ig closely but because we are forced to be more 
general, the proof appears simpler. As in |l^ we shall work initially with Sobolev 



spaces of forms L^(A^'"/°'^T*), choosing k appropriately when required. 

Choose a metric on M and let G be the Green's operator for the Laplacian A on 
forms. Then elliptic regularity says that 

^ ■ ^1 ~^ ^1+2 
and for any form a we have a Hodge decomposition 

a = H{a) + d{d*Ga) + d*{Gda) (19) 

where H{a) is harmonic. This L^-orthogonal decomposition is a direct sum of closed 
subspaces in the Sobolev space. The exact forms constitute a closed subspace and the 
L^-orthogonal complement of the image of d is the kernel of d*. Since J is a smooth 
automorphism of A^^/^'^T*, the same is true of the operator dJ. From the dd"^- lemma 
we see that the tangent space to the ^-orbit through p is the closed subspace ker dJ 
in the Sobolev space of exact forms. 

Choose a transversal to this orbit by taking the L^-orthogonal complement to the 
tangent space 

W = {aE L^(A"^/°'^) : da = and a e lmJ*d*}. 

In order to define the volume functional V on W we need uniform estimates on a. 
From the Sobolev embedding theorem in 6 dimensions we can achieve this with Ll 
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for A; > 3. Moreover in this range Ll is a Banach algebra and so multiplication is 
smooth. Thus in a Sobolev neighbourhood of p, the algebraically defined function V 
is smooth. 

Assigning to a form in W its de Rham cohomology class defines a projection 

p:W ^ H^''I°'^{M) 

and the derivative of V along the fibres is the linear map on exact forms df3 & W 
given from by 

/ {a,d(3) = / {*aa,dj3). 
Jm Jai 

The critical points of V are thus the zeros of F : W ^ Wexact defined by 

F{a) = P{*aa) 
where P is projection onto the exact forms. Its derivative is 

DF{a) = P{*aJa) (20) 

Proposition 9 The derivative of F is surjective at p. 

Proof: We first need an algebraic lemma: 

Lemma 10 Take a positive definite inner product on V and put on 1\^^/°<^V* the 
induced inner product. Then 

J* = ± * aJa* 
the sign depending on whether the forms are even or odd. 

Proof: By definition 

* J*a A /3 = ( J*a, (3)v = (a, Jf3)u = *a A Jp 

where u is the volume form. But using (^) this can be written in terms of the bilinear 
form as: 

{a* J*a,l3) = {a*a,Jl3) (21) 
The definition of J in (|l^ gives 

{Jip,ij) = D^(l){^,^lj) = {J^,ip) 
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and so from (^) we obtain 



(cr * J*a, (3) = {Ja * a,P). 

Hence 

*J* = aJa * . 

Since *^ = ± depending on the parity of the forms, we obtain the result. 
Now for the proof of Proposition |, suppose dip lies in W so there exists r such that 

j*d*T = dijj. 



From Lemma [1^ this means that 

a * Jd{cr * t) = dip 

which from (^) says that 

DF{d{a*T)) =d'ip 
thus proving the required surjectivity. 

The non-degeneracy of the Hessian shows that DF is injective on exact forms, and so 
from the open mapping theorem and the Banach space imphcit function theorem it 
follows that F^^(O) is a smooth manifold of forms p defining generalized Calabi-Yau 
structures and which is locally a diffeomorphism under the projection p to an open 
set in H^^/°'^{M^ R). This means that an open set in the cohomology space is a local 
moduli space for these structures - the modulus of a structure defined by a closed 
form p is just its de Rham cohomology class. 

Remarks: 

1. The fact that the modulus of a generalized Calabi-Yau structure is determined by 
a cohomology class is not special to six dimensions. For example, Moser's method 
applied to symplectic forms uj (see for example []I5|) shows that the cohomology class 
[uo] G if^(M, R) is a local modulus up to diffeomorphism for symplectic manifolds 
and clearly the cohomology class of the B- field in if^(M, R) defines B up to exact 
B-fields. So in particular, for any manifold which only admits generalized Calabi-Yau 
structures which are B-field transforms of a symplectic structure - those of the form 
(p = cexp(i? -|- iu) - the modulus is determined by 

(c, [B], [uj]) eC*x H\M) X HliM) 

where H^{M) is the cone of cohomology classes which carry a symplectic structure. 
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2. As we saw above, the even type structures in dimension 2 are all symplectic 
and in four dimensions it is only the torus and K3 surface which have generalized 
Calabi-Yau structures which are not. In these last two cases we also know enough 
about the moduli space of ordinary Calabi-Yau structures to say that the general- 
ized local moduli space is an open set in the quadric cone in H'^'"{M, C) defined by 
Q{xo,X2,Xi) = 2xq U 0:4 — a;2 U X2 = 0. This is the algebraic condition which the 
cohomology class of the pure spinor ip must satisfy. 

Since a generalized Calabi-Yau manifold is defined by a complex closed form ip it is 
clear that the moduli space, when it exists, is always complex. Our description of the 
six-dimensional case as an open set in the real vector space H'^'"^'"^(M, R) means that 
this complex structure is less obvious. We describe this next. 

6.4 The special pseudo-Kahler structure 

We suppose U C H'^^^°'^{M, R) is an open set which is a moduli space as above for 
generalized Calabi-Yau structures on M. 

Proposition 11 The open set lA C if*^''/°'^(M, R) has the structure of a special 
pseudo-Kahler manifold (see / |73|/ or ^ for a description of this concept). 

Proof: To define a special pseudo-Kahler structure we need 

• a flat torsion-free symplectic connection (V,!:!;) 

• a complex structure J compatible with uo 

• a locally defined vector field X such that VX = J. 

In our case the symplectic form is defined by the constant symplectic form 

uj{a,h) = (cr(a) U b)[M] 
on the real cohomology and we take V to be the fiat derivative D. 

If p defines a generalized Calabi-Yau structure then so does cos 6 p + sin 6 p so assume 
that U is invariant by the circle action 

[p] 1-^ cos 9 [p] + sin 9 [p] . 

This action preserves the symplectic form (and has Hamiltonian function given by 
$ = ([p] U [p])[M], the critical value of the volume functional V at the critical point 

P)- 
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The vector field X generated by this action is X = [p] and the derivative of the 
map [p] 1-^ [p] on U defines an almost complex structure J since p = —p, and it is 



integrable just as in 5.2. Thus DX = VX = J as required. 



Remarks: 

1. From the construction of the moduli space we see that every smooth curve in W C 
can be represented by a path of forms p{t) defining a generalized Calabi- 
Yau structure. From (^) every cohomology class in i^^''/°°'(M, R) can therefore be 
represented by a form a satisfying 

da = 0, dJa = 0. 

The hermitian form of the special Kahler metric can then be written in complex form 
as 

{[a], [a]) = / i{a,a) 



JM 

for a closed representative a for which Ja = ia. 



From |5.3| , we can evaluate the hermitian signature of the metric in the two cases of 
a Calabi-Yau and a symplectic manifold. For the Calabi-Yau threefold, we saw that 
the —i eigenspace for J was 

A3'0©A2.i©A3-2®Ai-o. 

With the (9(9-lemma there are closed representatives of each type, and the form is 
then 

/ A a3.2) + ,c.3,o ^ ^3,0 ^ ^^2,1 ^ -2,1 

Jm 

which is of hermitian type (m, n) with 

m = h''' + n = h''' + h^'^ = h''' + 1. 

In the symplectic case, the —i eigenspace of J is 

exp iuC (B exp iiu{A'^ ® C). 

Writing 

a = ao exp iu + ai A exp iu 
where ao E C and ai is a closed complex 2-form, we find the hermitian form to be 

2 / ao'^o^^^ — i(Q;o«i — aot^i) A lu"^ + ai A ai A u 
Jm 
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and this has hermitian signature (£, k + 1) where the real quadratic form on H'^{M, R) 
defined by 

Qia,b) = {aUbU[uj])[M] 

has signature {£,k). This quadratic form is nondegenerate by the strong Lefschetz 
property. 

2. In the symplectic case, the B-field transforms of (f = exp iu give an open set in the 
moduli space and the special pseudo-Kahler metric can be seen very concretely. It 
is known that any special pseudo-Kahler metric of dimension 2m is determined by a 
holomorphic function of m variables ||^. In [|I^ it was shown that such a description 
requires a choice of decomposition of the underlying vector space into a direct sum 
of Lagrangian subspaces. But the even cohomology has a natural decomposition of 
this type with 

L = H^® H^, L* = H*® 

both Lagrangian. To apply the construction of [^], we must identify the space of 
cohomology classes 

cexp([5] + e H'"" ®C = {L®C)® {L* ® C) 

as the Lagrangian submanifold defined by the graph of the derivative of a holomorphic 
function T on L®C. For (c, a) e i7°(M, C) © H'^{M, C) this function is 

^=_la3[M]. 

DC 

The corresponding function in the odd case of the moduli space of Calabi-Yau complex 
structures is more complicated. Mirror symmetry says that its mirror partner is JF 
modified by terms from the quantum cohomology of the symplectic manifold M. 

When M is a torus there are no such corrections, and our special pseudo-Kahler 
structures on the odd or even moduli spaces are just the structures on the open 



set U in |5.2| . There we saw that it was only a choice of orientation for Spin{Q, 6) 
which differentiated the two moduli spaces. Thus for a torus, although the objects 
parametrized by the two open sets U are very different - in our language generalized 
Calabi-Yau structures of odd or even type - the differential geometric structure of 
the moduli space is exactly the same. 



6.5 Types of structure in dimension 6 



Just as we did in ^]3| and |4.4| for two and four dimensions we now look at the possible 
structures in six dimensions which are parametrized by the above moduli spaces. Our 
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approach is ad hoc - a more systematic treatment of the different algebraic types in 
all dimensions can be found in ||^. 

To consider the various types, it is useful to note one feature of the geometry of max- 
imally isotropic subspaces - that two subspaces of even type or odd type intersect in 
an even-dimensional space, and an odd and even one intersect in an odd-dimensional 
space. 

Consider first the odd case, so that (y9 = (yji + (^93 + (^95 is a closed pure spinor. At 
each point, the isotropic subspace E it defines consists of the complex vectors v + C, 
satisfying 

l{v)<^i = 0, l{v)<^s + C a = 0, l{v)<^5 + C A<^3 = 0, {Av75 = 0. (22) 

Now at each point x G M, E^^ C {T^Q)T*) (g) C must intersect (S> C in a subspace of 
dimension 1 or 3, because any higher dimension will give non-zero vectors in E^ fl E^. 
In the first case there is one non-zero ^ with v = satisfying (^21) above and five 
others Vi + with vi, . . . ,V5 linearly independent. We extend to a basis {vi, . . . ,vq}. 
Since ^ A = 0, there exist ipi^i such that ipi = ^ A 'ipi-i and then 

= i{vi)^:i + ^. A (/^i = L{vi){i A V^s) + 6 A e A = -e A {i{vi) A ^2 + 6 A V^o) (23) 

using the isotropic condition on E, which gives 

^ = {vi + iui) = -{vi,i) = - L{vi)i. 

It follows from (|23|) that 

5 

^2 = ^ 6 A r/i A ^0 + ^ A a 
1 

where {771, . . . , r^g} is the dual basis. Similarly, from 

= iivi)^^ + A (/?3 = i{vi){i A V^4) + A ^ A = A {l{v,^ A + 6 A ^2) 
we obtain 

1 ^ 

i^A = ^Y.^iiAr]if Ai^o + iA(i 
1 

and we deduce that 

= exp(_B + ict;)v9i (24) 

for a complex 2-form B + ioj = "^(.i Arji, well-defined modulo ipi = ^ipo- The non- 
degeneracy condition {ip, (f) ^ tells us that uj is non-degenerate on the 4-dimensional 
real subspace of annihilated by the complex 1-form (p^. 
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The other algebraic type, where fl {T* ® C) is 3-dimensional, gives hnearly inde- 
pendent ^1,^1,^3 satisfying (0). This means that ipi = and ips = c^i A ^2 A ^3, the 
(3, 0)-form of a complex structure on T^. Then (p^ = [B + iuj) A (p^ for some complex 
2-form B + ioj, well-defined modulo ^1, ^2, ^3 which means we can take it to be of type 
(0,2). 

These are pointwise descriptions. On a six-manifold with an odd generalized Calabi- 
Yau structure, the algebraic type may vary from point to point. On an open set 
where is non- vanishing, we have a local fibration over C with a symplectic form 
and B-field along the fibres. If there is any variation, one expects (pi to vanish on a 
set of measure zero, but if it does vanish on an open set, (/? defines there an ordinary 
Calabi-Yau structure, transformed by a complex 2-form. The following result gives 
conditions which do allow us to determine the algebraic structure at all points. 



Proposition 12 Let M he a compact six- dimensional manifold whose first Betti 
number bi{M) vanishes. Then any generalized Calabi-Yau structure {M,ip) of odd 
type on M which satisfies the dd'^ -lemma is of the form 

ip = n + p An 

where M is a complex manifold with non-vanishing holomorphic 3-form Q and (3 G 
satisfies 8(3 = 0. 

If the complex structure on M satisfies the dd -lemma, then (M, y?) is equivalent by 
an exact B-field to (M, VL) . 



Proof: let (p = ipi + ip^ + ip^ he the global closed form defining the structure. The 
algebraic condition of purity on ip is preserved not only by scalar multiplication, but 
also by the action of the scalars in GL(6,R) C S'pm(6,6). Thus for each non-zero 
real number A the following two forms are also closed and pure: 

Xifi + Av93 + Av55 Av^i + X^if?, + AVs- 
Differentiating at A = 1, we see that 

V^l + V^3 + V^5, + 3V33 + 5V35 

are infinitesimal deformations of the structure and hence so is the linear combination 



From (ITSi) we have 



ijj = ip^- V^g. 



dJi) = 0. 
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However, since bi(M) — the de Rham cohomology groups H^(M, R) and H^(M, R) 
both vanish, so is exact. The dd"^ -lemma, tells us that 

= 3fJ((^i - ^5) = d{L{X)p + e A p) (25) 

for some vector field X and 1-form C,- But then ^ipi = df satisfies df = d{L[X)df) 
and so / — i{X)df is a constant c. But this means that / takes the value c at both 
its maximum and minimum and so must be a constant. Thus 3?</?i — df — and 
similarly Q(pi — 0. The algebraic type of cp is thus 

(fi ^ n + (3 An 

where we can take /3 to be of type (0, 2). Since (p is closed, is closed and defines a 
nonvanishing (3, 0)-form. Furthermore, since /3 A Q is closed, we have Bp — 0. 

Assuming the 99- lemma we have a Hodge decomposition of cohomology so bi (M) = 
imphes hP'^ — 0. But by Serre duality with trivial canonical bundle hP'"^ — hP'^ so 
hP''^ = and /3 = 97 for a (0, l)-form 7. Then 

/5 A = 97 A 1^ = d(7 + 7) A n 

and </? is equivalent under an exact B-field to the Calabi-Yau structure Q. 

We turn now to the even case, 

and the dimension of n {T* ® C) is or 2. In the first case. Ex is the graph of a 
hnear map from T-r (g) C to T* (g) C which is isotropic and hence given by the vectors 

v + i{v)i3 

with B + iu; e h?T* ® C. In this case 

ip = cexp{B + iuj). 

Since T* (E)C is the maximal isotropic subspace defined by an element p G A^T^ ® C, 
Ex n {T* C?) C) 7^ if u) ^ which holds if and only if ipo 7^ 0. On a generalized 
Calabi-Yau manifold the condition dip = implies that (po is a constant and so if this 
algebraic type occurs at one point it occurs everywhere. 

Since ip2 = c{B + icu) is closed, we see that B and cu are closed and what we obtain 
is the B-field transform of a symplectic manifold. 
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When (po — 0, the maximal isotropic subspace is defined by 

L{v)ip2 = 0, i{v)ip4 + ^ A(p2 = 0, L{v)(p6 + ^A(P4 = 0, { A (^6 = 0. (26) 

Since the intersection of with T* C is two-dimensional we now have linearly 
independent ^i, ,^2 satisfying Aip2 — which means that (f2 — c$,i A ^2- In a similar 
manner to the odd case we find 

(p — exp(S + iu!)(fi2- 

As we saw, this algebraic type must hold over all the manifold. 

The closed locally decomposable 2-form (p2 defines a codimension 4 transversally 
holomorphic foliation and since 

7^ (</?, (fi) = —(p2 A <^4 + <^2 A </74 = 2iu; A (/?2 A <^2 

LU defines a symplectic structure along the leaves. We also have the B-field B along 
the leaves {B + iu; need only be closed along the leaves). A trivial example is the 
product of a symplectic structure on and a K3 surface. 

For 6-manifolds with 61 (M) = we see then that, under certain generic assumptions, 
there are essentially only three types of generalized Calabi-Yau manifold. These are 

• Calabi-Yau manifolds 

• B-field transforms of a symplectic manifold 

• manifolds with a transversally holomorphic foliation as above. 

7 Twisting with a gerbe 

Our variational problem involved an algebraic functional which is invariant under the 

action of any B-field, closed or not. If we transform the pure spinor cp hy B, then 
e^ifi is no longer closed, but is so under the modified exterior derivative 

e^d{e''^a) ^ da - dB A a. 

More generally we can replace the exact form dB by a closed 3-form —H to give an 
operator on forms: 

dnCK — da + H A a. 
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This differential no longer shifts degrees by one, but maps Q'^^ to and vice versa. 
Moreover, our variational approach only distinguishes between even and odd forms, 
so this differential can be used to set up a similar problem to that in Section 5, but 
with the form p satisfying dnp = instead of being closed, and now lying in a fixed 
(in-cohomology class. We obtain the analogue of Theorem ||: 

Theorem 13 A dn-dosed stable form p e fi^^/"'^(M) is a critical point of V{p) in 
its dn-cohomology class if and only if dnip) = 0. 

Proof: The only different point in the proof is the application of Stokes' theorem. 
In the even case we have 



a{p) A {da + H A a) = / -da{p) Aa + Ha{p) A a 

M Jm 

but because H is of degree 3, H A a{p) = ~a{H A p) and so as da = ad, 

a{p) A djja = — a{dHp) A a. 
M Jm 

The odd case is similar - here H anticommutes with the odd form a{p). 

Given the theorem, it remains to interpret geometrically the condition dnif) = for 
a pure spinor (p. We shall do this in the case where H/2tt defines an integral class 
in de Rham cohomology. This corresponds to the appearance of the differential dn 
above in recent work on twisted K-theorj over the reals (see 0]). We return to the 
Courant bracket, and for motivation, first to the case p = 0. 

Recall the description of the bracket on sections of T © 1 in Section 2 as the Lie 
bracket for invariant vector fields on M x S"^. Instead of the product, suppose P is 
now a principal S^-bundle over M, then TP/ is a vector bundle over M which fits 
into an exact sequence (the Atiyah sequence) 

0^1^ TP/S'^ ^ TM ^ 0. 

Sections of TP/S^ are S^-invariant vector fields on P and so the usual Lie bracket is 
defined on these. A connection is a splitting of the above exact sequence 

TP/S^ ^ T © 1 

and so, given a connection, a section can be written as X + /. A simple calculation 
shows that the natural Lie bracket on sections can now be written in terms of the 
Courant bracket as 

[X + f,Y + g] + LiX)i{Y)F 
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where F G fi^ is the curvature of the connection. Thus a flat connection identifies 
the Courant bracket for p = with this natural Lie bracket. 

A gauge transformation g : M ^ changes a flat connection by the closed 1-form A 
where iA = g~^dg and this is an example of an automorphism of the bracket, defined 
by a closed form. Note that if g : M ^ is a gauge transformation, the de Rham 
cohomology class of A/2n is integral, so that "trivial automorphisms" are slightly 
more general than exact 1-forms. 



Now recall the definition of a gerbe [12| using an open covering {Ua}- If a gerbe is 
defined by the cocycle ga/s-y : t/^ fl f/g fl f/^ — S*^ a connection is defined by 1-forms 
Aap on L/q, n f//3 and 2- forms Fa on Ua such that on the relevant intersections 

Fp — Fa = dAafS 

iAa(3 + iAp^ + iAya = 9a^ydga0y 

where H = dFa = dFp is a globally defined 3-form - called the curvature of the gerbe 
connection - such that H/2tt has an integral de Rham cohomology class. Applying d 
to the last relation gives 

dAai3 + dAfSy + dA^a = 0. (27) 
Over each open set Ua take T © T* and identify on the overlap Ua^Up by 

X + i^X + i + i{X)dAap. 

Then the cocycle condition (p7|) tells us that we have constructed a vector bundle W 
which is an extension 

and moreover, since dAap is closed, the Courant bracket is preserved by the identifica- 
tions. Thus sections of W inherit a bracket structure. The equation Fp — Fa = dAap 
defines a splitting of the above sequence and hence an isomorphism W = T © T*. 
The bracket operation can now be written using the Courant bracket as 

[X + ^,Y + r]] + L{X)L{Y)H. 

We can therefore twist our definition of a generalized complex structure on M by a 
gerbe - asking for a maximally isotropic subbundle of (T © T* ) (g) C whose sections are 
closed under the modified Courant bracket above. A (ij^-closed form ip = {p + ip)/2 
arising from the twisted variational problem above then becomes a twisted generalized 
Calahi-Yau manifold. 

One final point in this comparison between p = and p = 1 for the Courant bracket is 
that a closed B- field B such that B/27T has integral periods should be considered as a 
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gauge transformation. This would mean that the mapping class group for the moduli 
space of generalized Calabi-Yau structures should be not just the group 7ro(Diff(M)) 
of components of Diff (M) but its extension by H'^{M, Z). There is evidence both in 
the physics literature and the symplectic literature that this integral structure is 
present. 
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